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Two-Dimensional Radiative Heat Transfer in a Planar Layer
Bounded by Nonisothermal Walls

A. L. Crosbie* and J. W. Koewingt
University of Missouri-Rolla, Rolla, Mo.

The emissive power and radiative flux at the boundaries are calculated for a two-dimensional, finite, planar,
gray, absorbing-emitting-scattering medium bounded by nonisothermal black walls. The medium is in radiative
equilibrium and the scattering phase function is composed of a spike in the forward direction superimposed on
an isotropic background. Exact radiative transfer theory is used to formulate the problem. Using the principle of
superposition, the results for any step variation in the wall temperatures are expressed in terms of universal
functions for the semi-infinite step variation in wall temperature. Thus, many different wall temperature
distributions can be handled. The results are also directly applicable to a nongray medium with spectral win-

dows.

Nomenclature

&, (1.8) = generalized exponential integral

E, (1) =exponential integral

E, (n,7) =two-dimensional attenuation fucntions

f =fraction of radiation scattered in the forward
direction

Fy(1;7p) =dimensionless z component of the radiative
flux for cosine-varying case

F(r,7,;7,) =dimensionless z component of the radiative
flux for semi-infinite step case

g(B) = Fourier transform for wall temperature

I =radiant intensity

K, () =modified Bessel function of order one

L =thickness of the medium

P(cosO) = scattering phase function

q =radiative flux

q, =z component of the radiative flux

Rz (up”) =generalized reflection function

S =source function

Tg(pope’) =generalized transmission function

T =temperature

X, Yg =generalized X and Y functions

al(v) =spectral distribution of the absorption and

scattering coefficients
B8 =gpatial frequency of incident radiation
8, = extinction coefficient (x +a,)
8(p) = Dirac delta function
(C] =angle between incident and scattered intensity

K = absorption coefficient

U =cosine of the polar angle

7 = frequency

g = Stefan-Boltzmann constant

g = scattering coefficient

Ty =optical thickness, (8, — fo,) L

75 =optical distance, (8, —fo,)s

TysTy = optical coordinates, (8, —fo,) v, (B, —f0,)2

b5 (7,7) =dimensionless emissive power for the cosine-
varying case

1) =azimuthal angle

¢(7,,7,;,7y) =dimensionless emissive power for the semi-

infinite case
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v(x,8) =()N+B2(1-x7)] %
¥, (x.8) =(1+8%)/[1+B%(1-x?)]?"?
Q =solid angle

Introduction

ISTORICALLY, radiative heat transfer in a scattering

medium has been analyzed with a one-dimensional
model. The one-dimensional model considerably reduces the
mathematical complexity. However, many physical situations
cannot be characterized by a one-dimensional model, and a
multidimensional analysis is necessary. Much work needs to
be done in the area of multidimensional scattering.

A recent review of multidimensional radiative transfer in a
scattering medium by Crosbie and Linsenbardt ! reveals a very
limited number of investigations which considered emission in
addition to ‘scattering. Bobco? and Love and Turner3*
considered an isothermal semi-infinite slab, while Love and
Stockham? analyzed an isothermal finite cylinder. The time-
consuming Monte Carlo technique was used by Love and
associates, while Bobco used an approximate approach. All of
these studies considered isotropic scattering. Only the in-
vestigation of Love and Stockham?® included anisotropic
scattering. A nonisothermal medium was not considered in
any of the previous investigations.

In a related series of articles, %% Breig and Crosbie studied
two-dimensional radiative equilibrium in an absorbing-
emitting planar medium exposed to spatially varying
radiation. The problem was formulated® using exact radiative
transfer theory, and numerical results were presented for the
semi-infinite”? and finite®'® medium. The results for the
finite medium were limited to the cosine-varying boundary
condition.

The primary objective of the present investigation is to
obtain exact numerical results for a gray, absorbing-emitting-
scattering planar medium bounded by nonisothermal black
walls. Specifically, the emissive power and radiative flux at
the boundaries are calculated when the wall temperature is
presented by a series of steps. While this situation is somewhat
ideal, the results represent ‘‘benchmark’’ solutions. For more
complex physical situations, approximate procedures for
handling the radiative transfer are necessary because of
computer time limitations. In order to evaluate these
procedures, it is extremely helpful to have exact test cases
available.? Also, the results presented should be useful in
analyzing other boundary conditions.

Physical Model

The coordinate system and geometry are illustrated in Fig.
1. The present investigation is based on the following assump-
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tions: 1) two-dimensional transfer, 2) steady-state tem-
perature and intensity, 3) absorbing-emitting-scattering
medium, 4) gray medium, 35) local thermodynamic
equilibrium, 6) no conduction or convection (radiative
equilibrium), 7) refractive index of unity, and 8) black walls.
Under these assumptions, the transport equation for the
radiant intensity / can be expressed as

I a . al T4
& B I=p " A NT = pising— +8,1= "2
ds 0z ay

g 2r +1
+ = S S I P(cosO)dp'do’ 1
47 Jo -1

O is the angle between the incident (u’,¢’) and scattered
intensity (u,¢).

The phase function is approximated by a spike in the
forward direction superimposed on an isotropic background,
ie.,

P(cos®) =4nfo(n—p')é(d—0") + (1)) @

where 6 is the Dirac delta function and fis the fraction of the
radiation scattered in the forward direction. The quantity fis
also equal to the asymmetry factor {,. P(cosO)cosO (dQ/4).
The utility of this phase function has been discussed by
Joseph, Wiscombe, and Weinman.!! The strong forward
component is characteristic of the scattering phase function
for large particles. Thus, the transport equation becomes

T4
4 Bo=fo1=""" 4o (1-pS 3)
ds T

where the source function is defined

1 ] pamp !
s=*§ Isz—SS Idy’ do’ 4
4dn Jan 4r Jo i w'do @)
The conservation of energy for the radiative equilibrium is:
4

B dI T
v-{;’:S —dQ=47rK|:U~— —S]:O (5)
47 dS T

Therefore,
S=oT*%/7 (6)

and the transport equation becomes

ds oT?
= %)
dr 1

where 7, = (8, — fo,) s. Inspection of this equation reveals that
it is identical to the transport equation for a nonscattering

20 , R /e
[¢] %, =0
Tl
Z=L — - =T
Fig. 1 a) Geometry LOWER WALL
and coordinate system, : (a)
b) upper wall tem-
perature distribution. oT*
l
4+
o'le T.
o4
ch.,’ = 0'T|:
M Ty T Te T
(b}
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medium with an effective absorption coefficient (8, —fo,).
Thus, isotropic scattering (f=0) increases the effective ab-
sorption coefficient, while anisotropic scattering in the
forward direction reduces it. In terms of optical coordinates
[r.=(8,—fo,)z, 7,=(B,—fo,)¥], the transport equation is
given by

al Al T4
p— NI —psing — + 1= "2 ®)
ar, ar, T

Following the procedure of Breig and Crosbie,’ the energy
equation and the z component of the radiative flux can be
expressed as -

oT*(7,,7,) = Sim oT{(1))E, (7, ~7},7,)d7;
+ S' oT3(r)E, (1,—7,,79g—7,)dr;

oo 0
* S—oo So oT/ (1) E (7, =7}, 7, —1])dr/dr; 9)

q.(7,,7,) = Sim oT{ (7)) E; (7, —71),7,)dr)]

—S UTE(T)I,)E_;(TNV—T<;,T0_T:)dT)',

oo ~TH
+ng jo oT*(1,,7)E, (7, ~7),7,—7))dr/d7;  (10)
where

1 = e
15,(11,T)=2—7r SIKO(I\/n2+TZ)dt (11a)

@

I

By = 3= | 7| Ky ot 1) xdyax (11b)

2 o Moo (oo e
Ea(n,7)=%g S/ S]Ko(xyz\ﬁyzfr?)xyzdxdydz (l1c)

7

and K, (1) is the modified Bessel function of order one. The
energy equation, Eq. (9), is linear in the emissive power o7
but is complicated by its two-dimensional character. The
problem can be simplified by representing the emissive powers
at the wall by a Fourier integral, i.e.,

o0

0T =| g (B)exptisr,)ds (12a)

Y

oTi) = | e (@rexptisr,)dp (12b)

where g, (8) and g, () are given by

1 ®
a@® =5 | oTiryew(-igrydr,  (3)
T — > - - -

=)

/
gz(ﬁ)=2— S aT4(r,)exp(—iBr,)dr, (13b)
T J—o . N N

Utilization of Eqgs. (12) and the principle of superposition
enables Egs. (9) and (10) to be written as

oo

o (o) = |8/ (8)expliBr, ) 6, (7.i70) 4B

| s ®rewsr, 6, (- 757,48 (14
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a1 = | g, (BYexpliBr,) Fy (r,5m0) a8

—S_m &> (B)exp(iBr,) Fg (1) —7,,75)dB (15)

where
G (7,79) =128, (7,,8)
WA S"’ 85 (125798, (Ir,—7!1,6)dr! (16)
2 Jo
Fy(7,79) =28, (1,,8)

+2S s (r5mo)sen(r, — 1) 8, (11, —7/1,8)dr,  (17)

The generalized exponential integrals are defined as !2

SI(T;ﬁ)zs exp(—n12+62)m7 (18a)
® . dt

82(T,B)=S1 exp(—T\/t2+ 2)[—2 (18b)

8, (n) =7 8. (r1.8/0 (180)

Thus, if the universal functions ¢4 and F; are known, any
temperature-distribution can be handled with Egs. (14) and
(15). Physically, the functions ¢, and F; represent the
emissive power and radiative flux for the medium subjected to
cosine varying diffuse radiation, i.e., 679 (7,) =cos(37,) and
T} (7,) =0. B represents the spatial frequency of the mc1dent
radlatlon When § is zero, the incident radiation is uniform,
the generalized exponential integrals reduce to the exponential
integrals [&,(7,0)=F, (7)], and the problem reduces to the
standard one-dimensional case, i.e.,

¢5:o(73;70) = yZEz(T;)
170 , ,
+ 3 So g0 (7579) E, (17, —7/D)d7] (19)
Fﬁzo(T:,'To) =2E;(7,)

+2S;0 bg_0(r5i70)sen(r, — 1) E, (Ir,—7/Ddr!  (20)

Instead of evaluating Eqgs. (14) and (15) for a large number
of different coundary conditions, a simple but physicaly
realistic boundary condition is considered. The wall tem-
peratures are approximated by a finite number of steps, i.e.,

M

E oT4.[sen(r,

k=1

ioy= L _ '
Ti(7,) 5 T (2la)

=7y ) —sgn(r,

;&
Ti(r,)== E oT4 [sgn(r, — 75 ) —sgn(r,

2 = —Tx+1)] (21b)

Noting that

1> ds
sgn(7—7,) = - g_m Sin[B(T—Tk)]?;

=— 1£r S.:n iexp[iB(T—‘rk)]% 22)
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the g functions are:
i M
g,(B)==— Y, oTH[—exp(—iBry) +exp(—iBr s ;)]
278 =
(23a)
g,(8) = E o T4~ exp(—iBr ) +exp(— 75, ;)]
(23b)

Substituion of these equations into Egs. (14) and (15) yields

oT*(7,,7;)

M
= Y oTHlb(r, ~71Toimy) —b (1)~ Tppy 1s70575) ]
k=1

N
+ 2 0TS (1, = ToTo = 7370) = (T, — Toy 1, To—T0575) ]
k=1

24)
q.(r,,7.)=

M
Y oT4[F (s,
k=1

— T T To) _F(Ty —Tiks 15T To) ]

N .
- E T3 [F(1,~ Ty 1y —7,79) —F(71,

—To+15To = T2Tg)]
(25)
where

[“ayGarsiner) T o)
, 98 (770 sin(B7, 8

N |~

¢ (T),,Tz,'To) =

1= d
Flryrity) =~ SO F, (T:;To)sin(ﬁfy)g6 @7)

Physically, the functions ¢ and F represent the emissive power
and radiative flux for a medium subjected to a semi-infinite
step of diffuse radiation, i.e., oT%(r,)=/2sgn(r,) and
oT4(r,)=0. In the preceding relations, the following iden-
tities are useful:

S(—7,,7.579) = —$(7,,7.57¢) (28a)
F(—7,,7,570)=—F(7,,7.,7)) (28b)
O(00,7.;7y) = Vz¢ﬁ:0(75;70) (28¢)
F(oo,7.579) = V2Fy_(7.570) (28d)

By evaluating the functions ¢ and F, a wide range of problems
can be solved. 7
For example, the case considered by Taitel, ¥ i.e.,

oTY, 7,<0 T} 7,<0
0T = ' oT3= ' 29
T4, 7,>0 aT$, 7,>0
can be expressed in terms of the present investigation as
follows: M=N=2,7,,=7,,=—0,7,,=7,,=0, and 7,;=
7,; = o, Thus, the emissive power and radiative flux are:
oT(7,,7.) =% (0T}, + 0T s_4(1.574)
+ (0T =0T O(7,,7.7y) + ¥2(aT5,+0T%,)

X@g_9(79g—7,70) + (0T§,— 0T}, Yo (7,,79—7579) (30)



FEBRUARY 1979

q (1,7) =42 (0T}, +0T,)Fa_o(1,10) + (T, —aT§))
XF(7,,7,575) — ¥ (673 +0T%5,) Fag(79—7,57g)
— (0T 5, =0T )F(7,,79~T,;Ty) (31

These expressions can be further simplified by taking into
account the one-dimensional identities, i.e.,

Do (T5T) g o(T9g—T7,79) =1 (32a)
Faoo(1579) =Fg.0(To = T7,70) (32b)

Thus, it is not necessary to calculate the results for each set of
temperatures, 7', T}, T,,, and T,,, if the functions ¢ and F
are known. If both walls have the same distribution, i.e.,
T,,=T, and T,,=T,,, the emissive power and radiative flux
become

0T (r,,1,) =V (6T, +0T%) + (0T}, ~aT}))

X[o(7,,7,75) +&(7,,75~7,,79)] (33)
q.(r,7,)=(oT5,—0aT5;)
X [F(Ty,‘l'z,'To) —F(‘ry,'ro ~ T 7Tg)] (34)
For this special case, it can be easily shown that

oT*(7,,7,) =6T*(1,,7,—7,) (35a)
oT*(1,,7,)+0T*(—71,,7,) =0T}, +0T%, (35b)
4. (7,,7) = =g (1,,7p—7,) = —q.(—7,T;) (35¢)

At large optical distances away from the origin Ir,|>1, the
temperature is constant and the radiative flux is zero. A one-
dimensional analysis would predict g, =0 everywhere, while
the two-dimensional analysis yields nonzero values near the
origin.

Numerical Procedure

A procedure for calculating ¢; and Fj; at the boundaries
was developed by Breig and Crosbie.®!® However, results
were limited to only a few 3 values because of numerical
difficulties. Far too few results were obtained to be able to
evaluate integrals, Eqgs. (26) and (27). As 8 became large
(8>1), the step size Ar, used in the numerical solution
decreased rapidly, and it was impractical to obtain results for
even moderate optical thicknesses because of excessive
computational times. In addition, for large 8, the numerical
integration used to evaluate F; became inaccurate.

With these difficulties in mind, the numerical procedure is
modified. Using Ambarzumian’s approach®!® the equations
for ¢4 and F; at the boundaries are:

I 7
85 (070) = 5 | 41 (68) X, (7)dx 6)
0
1!
g (79:7p) = 5 SO ¥, (x,8) YB (x;75)dx 37
7 -
Fy(0ir) =1 50 ¥, (6,8) 05 (0,79 dx (38)

o1
Fy(19;79) =285(79,8) + 5 . ¥, (68) Qg (1,75 )dx (39)

with
~ ! ——
Os(0,1579) =u50 XYy (X", B)Rs (ux" )dx' /NT+B2 (40)
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1
Qa(To,#iTo)=MSOX/¢1(X’,B)T‘B(u.x’)dX'/VI'FBZ (41)

Vi (B) = +B7) /U +B% (1-x7)}37? 42)

where Rz and 7' represent a generalized reflection and trans-
mission functions, i.e.,

Rg(u,p”) =X (p579) X (1'579)

=Y (ui7g) Yg(u'i7g) )/ (n+p’) (43)
To(uop”) =X (r'570) Y (ps79)

=X (1) Y (u's70) Vi —p") 44)

and X; and Y, represent generalized X and Y functions.
Obviously, the generalized X and Y functions are key to all
calculations and are evaluated from the following two
coupled integro-differential equations:

R !
X3 wiro) =NTHB Y, (wiro) | ¥ (08) Y3 (570) (dxrx) (49)
Yi(wirg) = =N1+B82Y5(119) /1t
e 7
HVTEBX, (o) | $(08) ¥, (xim) (d/x) 46)

where the prime indicates the derivative with respect to 7, and
Y(x,8) =(1/2)[1+ B2 (1 -x?)] ~*. The initial conditions are
simply X, {p,0)= Y, (x,0)=1. Equations (45) and (46) are
reduced to a system of 2N ordinary differential equations by
dividing the integral into two parts—(0,¢) and (e, 1)—and
approximating each subintegral by a Gaussian quadrature of
order n(N=2n). Instead of the fourth-order Runge-Kutta
method used by Breig and Crosbie® with #» =8 and e =0.9, this
system of equations is solved by a fifth-order Runge-Kutta
method developed by Butcher '* with n=15, e=0.9 for <8,
and ¢=0.95 for 8>8. This is done to insure accuracy,
especially at small 7,. As the spatial frequency is increased,
the step size is reduced (see Table 1).

When 8 is small, the integrals in Eqgs. (36-38), (40), and (41)
are evaluated with the same Gaussian quadrature (N=30)
which is used in solving for the generalized X and Y functions.
In order to avoid a singularity in Eq. (41) when y=x, a dif-
ferent order quadrature (M = 28) is necessary to evaluate Eq.
(39). The generalized X and Y functions at these additional
quadrature points are calculated from differential Eqs. (45)
and (46). These additional differential equations bring the
total to 2(N + M) = 118.

When 8 is large, the integrals containing v, and x; cannot
be integrated accurately in the preceding forms. The function
at x=1 is subtracted off because most of the area under the
integral isnear x=1,i.e.,

205 (0,7y) =X5 (I;79)
ol
| V1B IX () = X, (Lirp) 1dx )
20, (170) = Y (Li7)

/
+S0¢1(X,5)[Y5(X;To)—Yg(I,‘Tu)]dX (48)

Fs(0;15) =1~ 0, (0, 1+ A;7p)

o1
| ¥ B0, (0570) 0, 0.1 4 1)1 @9)
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Table3 Cosine varying results for 7,= 0.5

Table 1 Step sizes A7, used to solve the differential
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equations for the X and Y functions

79>0.01

0.005

A7y,

0=7,=0.01

0.001

3 ranges

0to2.5
3to6
7to8

0.0025

0.0005

0.00125

0.00025

0.003125
0.0001

0.000125

9to 40
60to 150
175 to 200
250 to 600

0.00005

0.00005

0.000025

0.000025

0.0000125

0.0000125

0.00000625

800 to 1000
2000 to 5000

0.00000625

0.000003125

0.000003125

0.0000015625

6000 to 10000

0.10

Table2 Cosine varying results for 7,
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case,

Fo(19,79) =285 (70,8) + Q(79, 1 + As7y)

In obtaining these equations, the following two identities were

utilized:

|

(50)

¥ (x,8) [Qﬁ (70:%,79) — Qg (70,1 + Aj7y) Jdx

1
|
0

where

1+8%1/8°

=[I+82-

X¢l (X)B)dx

!

(53)

0

=/ and S

¢/l (X’B)dx

0

1+82Q5 (0, sg) /p=[1+B8? ~NT+B2]R4(p, 1) /82

(51 The quantity A was set equal to 10 -7 in order to avoid the

1
], 70 B Ry (wx) = Ry (D Jax’

numerical singularity in 74(1,1). The calculation of the
generalized X and Y functions at u =1 and u =1+ A brings the

total number of differential equations to 2(N + M) +4=122.

VI+B82 05 (ro,p570) /n=U+B82 =~ I1+B?) T, (u, 1) /82

The preceding system of equations is solved for 64 values of
B over a range of 7, from zero to ten, and a small portion of
the results are tabulated in Tables 2-7. These are the same 64 8

(52)

X'y, (X',B)iTg(u,x’) ~ Ty (p, 1) ]dx’

I

+
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Table 5 Cosine varying resulits for 7,

1.0

Table4 Cosine varying results for 7,

)

o}

(T ;1

F

TO)

H

¢8(ro;ro) FS(O

9505 7,)

HAY

Fg(0:1) Fal

3

o’

¢8(To;r

405 7,)

OSSO OO O

CCCOOOOOD mmimim
P ONOAOONMI I ON—POTOT L L byt
VAN N (NP O S O P Qi od P P N O WL L WL L W L WG Wl
DOOOPN—FBLFTOF O QIO T O T TN QR
Pt P P P e DO NG N N st ot P O Al F NN O T e O
CCOO0OCCOCOOTOUAZT LT ~RNMNNT OOMS N
NANNNANNNANNRN Nt OO O ONMEMMC N OF X mun
R R A

COCOCOCOOOCOO0ODOAOCOMNMNMNO O SNE TN

FEADE T O F T i d L PN DO LO N ANC T NOT N AR NOMOT (CON DM CF N i N O QN O O
FCOFONMCXOMNOODFOONTC T OG O NN e O N ot ) P a0 il rend O v et i F O QNN O P~ O LA M O U

NONANANNANANANNANNEE S SNC LR CE R OO TR C e T o C ot ot c et o0 oo
R R R I N O N I O N I I R

[elelololelolalololololololole el sl olalol ol ol slalalelol vlololelololololalulslolalal sl ool ol slalololololol olwlsl olol olulel odeloTo ]

AR S Al aN otk ol w RLT UK o)

COOOCT OO — i i
ST NN C O =S CCm L FE L)
AN =0 @ O ROt OO O NG LI LU L LAL U L
COCOIXLMOILNNCOTNNOTIFMCILET D lAWN
COCOC CCOT OLC AN ODE =0 &L OGMOMD
COEEL G LWL ECT LN OGO SN O C T M
COOOOCCCOOOCOOC COVEF QUM —=I e

OCC0OCCOCCOOOCOOCOOONMAD——m ~O MOt

CLNNT I C VN LEONTXMCUVNE T T T SOX P AMONCONT OC i E N O NG O OMECIN O O I NO ~n
NP SO et NS S OO T T C X T D C UL =T F L P O e NN O OO AT O NG = it DD DU OO
COOCOEI~CMTOMKE Y M E €O ST NN SO N C ANt T OFNOCCOFINA = OC OO0
COCCCCUIOTMNG—~C— AL ONIIMATS MO CEICITOUIACENOION et O CCOQCCOCLOCT
e~ COCCCCTOENAT OAT LTI A~ ;AN NI r AN~ e OCCUCCO0CUOCCOORCCCOOCCOn
COCCOOECCCrrOXOE MM OYOL CHNWEE NS INN N N NG N RO D DN NN D B D B DO D D DN
8 8 8 4 6 4 % 5 S 1 4 8 4 8 9 5 E Y 8B 0 8 I P 8 BN T89S a T PP et EY SO NNV A
COOCOOOO0OCCO0OCOOOCOOCCOOCCCROCOCCCOOOOOOCCORROOCOCOOOOOOCOOO0

AT COOCOOOCOCCOO0O000000COCODO00DO000000COOCOOOOCOO00O0CEOOCO0O0
QCOCNMOINOTCOOCCOOCNCErCCOOCCCOLOOCOCOO000OOCOCCO0OOOCOLOO0OCOOOD
COOOCOOCOOOC~ANMENOXCNNMCHRONOr OCCOOCNCINCCoOCCCOCOCCOOOCOTCLOOOCCOD0
94 € s 8 T 4 ¥ 4 5 5 8 5 4 . 8 8 4 9 0 29 T 95 E 0 P8 80 ae Y 0 e et eIt et et
OOCOCOOCOCOCOOCCOOQmm mmNAMM T INON QTN ONONOCCONONCOoOOOOOOCROCODO0
e P NN O D DONNONCOC0OO0OC OO0

—_E AN OT ND T ONOCOO00

——tN TN C

-

Al A Sl dad
oo

RPN DR INANE NP F CO NN e COC O C O INM N -
6 ® 0 0 0§ 13 5 0 5 % 30 88 4 0P P a0 s LI O s
CCOCOOOOOCOCOCOCOCOOOCOUOCOTOOLNG Mrmie—mi

OO PO F et FUNP AN DL C NI LT O L GO NC e NOT OO MNO R TS N e NSO mnCO
COOOHNG L~ O M E N NG P N Ot B AR = G N o R ONE =B et F O b et ] F S O NN OO M GO LA R S N
NI EL SIS T ST TN OG T D L NOL O T SCMO T NNG O OOC ~NOMOM O tfN O A OO OO0

BEODIAR DL ANDNDR R BPNC L O R X TR0 CO 0O TV o 0T 0000 o000 CrCrrocCoro e
45 2 € 60 8 0 S AP 00 L0 ST Y B S E a0 8 8 B T 6 00 8 G P 6N G BB ST VAL EIRTBOEE S
OCOOOCOOOCOOOCOROOODOCOCCCOROCOOOCICCCOOOROCOOOOOOOOCOSDOCOORLO0

e -c

ccocoooo
E O F LT NSO L O NECIN A NN
LA T — C 00 U G0 TOUT et (9 30, P (O e 0 SO WAL L T U U U skt
LLELOAMCTADOSNANMECONAE TN LT — et COL ST &L
et ot o et et etk et 4 = QO CI T E AL e B T NC LA M MC ANE VN @O
I ITIT S I FIT ST TN CO N T — O CA=CCCOMNC = CON
NN NNNANARANNAON NN "t e GO CC OO CCC =0T e N
0 1 0 0t 2 e 4t s 8 P NP P L6 B st a0 e et Ee et
COOCOCOMmCCCOOCOOCCONCOCOCC COODC— =N Nreied

VLV TOONCCNCO A NDONE M= A CC—~NOONGF OO —OF NG TN TN O OO e O O F OO el
I EOEFCMCONT ~NCLC A ST O N0 AL NO=CF OO et Gt O et O CAL NN GO S sl 8 O N OIN 0
it it e e S OCT AL OC O U XU O™ P T C T LTI IOL Nt T O N N i T T L NC L OISO e ST OO0
WECREL RN P e LA CCCOOC O ANC L T OGO T CIIN T CTC Nt i OO CCCNCCOCL OGS
WA C D DNIE DN A A O TN Qe C O T DS MO O et e 2 e OO C QO CCOCCCOLO L OCL CCOOOTCO
Pepe P P B P e R s e P P e e P e P O 8 G S N WD W I RO O N L D e N A D S Dt in uinm i Cal'sTaTatly)
S ¢ 4 0 8 4 8 % 8 0 5 B s 9 S P e s & 5 N B DB S P e s LN 0SNS5 N RS E Y ST I,
COOOCOOCCORCOOCCOOOOCCOCCCCCOCQCOCOOOOOCCOROCOO0OOCOLOCOODCOOCOOO

AP TEOOOCOCOCOOCCOCCCOOOCUCTUCOCOOCOOOCOOCOO0OCOCOOOCOCORCOROOCOD
OCOO—=NIITNOTCOCCCOCCNONCCCRCCCOCCCOCOCOOCCO00COOCCOCOCOCLOOOOCOD
COCCCOTCOCOOO=NF FNYTCANMCroncr OOCCC ONCROCoCCOOCOCCORoCOOTCCOTCCOT
@ ® 4 0 8 5 8 4 0 9 9 5 0 68 0 68 2 S P 088 I A0 20 98I DG 0 8 s PO S P BN N S e e sl es e e
CCCOCOOCOCOCOCCOCCCOOmenmimlNE TSNS CTOCANNFONCNOOCCNONooOOCOOOCOOo0Q0
AN S ST CNNMCVOOCOCOCOOCC OO

e H AN F O TN DO C C OQ

e NN OO

while these

20.

(54

dx
X

s Y o
mmammm mum
eu.W,m.mt xm,
Sfm..uea 4
< L © N o S.g i
< - SN 3.
SCESRHRERTET o ot
cPLavEE=8 g
> =T = Q. 7
< E a2 = & Q.mvn = P
m.n Lo » = 0 L % ﬂJ
5, ms 0 200 45 Ny
- D V,t.m ¢fm NZ = w =
SRR S8 S 0w @ -
£a2z20"3®5 8 g 20
- — b >
nmemw%tmwmp s
= O = O LS 800 X
O8O O = 15 ~ |k
T 2825282 i
L =
= o O = £
BERESv T ExapT 2 Y
22 S o2 205823 ISl=
m o B = o 9T S O —_
SONLD E o = o
Ul same~g 5852k &
505 9g2o00T &Y
T L = O = Q =
HdtOPhObbRn
& 2o &% 5 < =
S — &= 0 6 ‘B
a0 e P a5 —_
i I PR O S A o
[ e B i N o, 1) ,
= < 5 o= m ~
= R R PN T R = %0
_EBCBCEe2ES 8 s
S5 8Euw<s*x g —
o Re == NI i -~ R ~ S ~1k
B ES B3R, 3
2 ES S, 904, w2 I
ueﬁdiAanmw ~
< =] >
A= R S - TR &
SES8 I TAESIEE o
— —
< n.m QO m o - 2
S ita R = L S &Y
0 m
F 7 T T 1 T T U
= e g
r (-5
r 2
L 19 [ 4
F— N 0 e} O OD+1 =
5 = o 0 Of W) =
[ = =
- —He 3
b | 3 E
F _ 3 @
i w
- — W
F R =
/ . 13
- \ 0
G
= = i
E o 4 & =
— — )
b— —] W
I i -3
\ &
- - -
W
l T =
=
-
| I «
e 3 %
- 4 =3
| i =
l @
[ >
H g =
=
b k-]
53
i 1 A L 1 e I 1 b~ R
) < ) ~ = o
. ! -
{210') 4 2
=

where g (8) is ¢4 or Fg and G is the corresponding function ¢
and F. The latter integral can be written as an alternating

series, i.e.,
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The first term in Eq. (55) represents the small 7, solution, i.e.,

Ty
Emissive power at the lower wall for the semi-infinite step

V4. These integrals, Egs. (56), must be evaluated

numerically; therefore, a procedure for calculating f(3) at the

#(0,0;75)

Fig. 4

case.
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Table 6 Cosine varying results for 7, = 10.0

. . . F ;
B ¢8(0,10) ¢B(T0’To) FB(O,TO) g (T577,)
0.9454 0.050552 s 0.116745
0.9494 0.050551 16 0.116743
0.9494 0.050548 156 0.116735
0a949 1. 050535 16 0.116705
0.94 0.050483 15 0.116587
. 0.050444 17 0.116498
0, 050121 18 0.115760
0.049588 20 0.114545
0.048857 22 0.112875
0.047938 26 0.110778
0.046848 30 0.108289
0.044225 40 0,10229%
0041144 52 0.095258
04024042 29 0.056079
0.011579 09 0.027336
0.005034 0 0.012080

2.06860-03 n 5.0642F=013

8.21926-04 i 2.05928~03

1.2260E-04 1 3.2399£~04

1. 75€4€-05 1 4.9258E-05

1.5060E-06 7 4.5677F~06

1.2714E-07 a8 4.1734%-07

1.0645E-08 3 3.77565-08

8.8697E-10 & 3,38955-09

6.1077€-12 3 2.6R076~11

4.1797¢-16 0 2.07685-13

2.9499€~14 9 1.5822F~15

1.9386F-18 4 1.i388F-17

1.31656-20 8.8300E-20

8.9290E-23 6.4974F=22

4.0963E-27 3, 4372F-26

1.8746E-31 1.7756F-30
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Fig. 5 Radiative flux at the lower wall for the semi-infinite step case.

quadrature points is necessary. Based on monetary con-
siderations, f(3) at these points cannot be calculated directly;
thus a fourth-order Aikens interpolation technique and the
results of the 64 B values are utilized. For accurate in-
terpolation between so few points, very accurate values of
f(B) at the 64 38 values are necessary. When the series is slowly
convergent (7,>1), accurate values of §, are necessary to
obtain moderately accurate values of G. In other words, there
can be large losses in accuracy in evaluating the series. The
natural logarithm of 1f(8) ! is taken for interpolation because
oscillations occur when f(3) is interpolation at large 3.

The first fifteen integrals are calculated using a fifteenth-
order Gaussian quadrature. The first integral is divided and
recalculated and checked against the undivided result. When
these two results do not agree to five decimal places, the
integral is subdivided until this error criteria is met. The

AIAA JOURNAL

Table 7 Emissive power and radiative flux at the boundaries for the
semi-infinite step case

Ty & (r,.075) O (7,,74:7y) Fl7,,0:7) F(7,,79/79)
7y=0.1
0.0 0.25000 0.0 0.50000 0.0
0.01 0.25345 0.15217D - 01 (.49382 0.46814D - 01
0.02 0.25580 .0.30130D - 01 0.48983 0.92241D - 01
0.05 0.26088 0.70645D - 01 0.48174 0.20998D 00
0.10 0.26641 0.11909D 00 0.47390 0.33063D 00
0.20 0.27281 0.16608D 00 0.46641 0.41533D 00
0.50 0.28029 0.20125D 00 0.46028 0.45167D 00
1.00 0.28373 0.21107D 00 0.45848 0.45678D 00
2.00 0.28518 0.21398D 00 0.45794 0.45773D 00
5.00 0.28550 0.21448D 00 0.45785 0.45785D 00
10.00 0.28551 0.21449D 00 0.45785 0.45785D 00
100.00 0.28551 0.21449D 00 0.45785 0.45785D 00
75=0.5
0.0 0.25000 0.0 0.50000 0.0
0.01 0.25431 0.26365D - 02 0.49183 0.767461> - 02
0.02 0.25753 0.33106D - 02 0.48585 2.15339D - 0!
0.05 0.26519 0.13235D -0t 0.47186 0.381775 - 01
0.10 0.27492 0.26181D - 01 0.45453 0.75168D - 01
0.20 0.28904 0.50239D - 01 0.43025 0.14181D 00
0.50 0.31335 0.10122D 00 0.39135 0.26538D 00
1.00 0.33074 0.13624D 00 0.36686 0.32806D 00
2.00 0.34078 0.15255D 00 0.35493 0.34852D GO
5.00 0.34361 0.15627D 00 0.35213 0.35303D 00
10.00 0.34367 0.15633D 00 0.35208 0.35208D 00
100.00 0.34367 0.15633D 00 0.35208 0.35208D 00
75=1.0
0.0 0.25000 0.0 0.50000 0.0
0.01 0.25455 0.11524D - 02 0.49124 0.31441D - 02
0.02 0.25802 0.23045D - 02 0.48468 0.62872D - 02
0.05 0.26642 0.57564D ~ 02 0.46894 0.15700D - 01
0.10 0.27736 0.11478D - 01 0.44871 0.31270D - 01
0.20 0.29389 0.22683D ~ 01 0.41869 0.61537D ~ 01
0.50 0.32499 0.52544D - 01 0.36387 0.13900D 00
1.00 0.35140 0.85707D - 01i 0.31936 0.21502D 00
2.00 0.37103 0.11144D 00 0.28830 0.26269D 00
5.00 0.37882 0.12065D 00 0.27704 0.27635D 00
10.00 0.37907 0.12093D 00 0.27670 0.27670D 00
100.00 0.37907 0.12093D 00 0.27670 0.27670D 00
73=35.0
0.0 0.25000 0.0 0.50000 0.0
0.01 0.25481 0.11451D - 03 0.49064 0.27262D - 03
0.02 0.25853 0.22902D - 03 0.48347 0.54525D - 03
0.05 0.26769 0.57251D~03 0.46591 0.13631D-02
0.10 0.27991 0.11448D - 02 0.44264 0.27256D - 02
0.20 0.29898 0.22881D - 02 0.40658 0.54472D - 02
0.50 0.33758 0.56932D - 02 0.33395 0.13548D - 01
1.00 0.37569 0.11199D - 01 0.26187 0.26612D ~ 01
2.00 0.41419 0.21039D - 01 0.18744 0.49759D - 0t
5.00 0.44728 0.38181D - 01 0.12036 0.88934D - 01
10.00 0.45440 0.44326D - 01i 0.10522 0.10245D 00
20.00 0.45503 0.44955D - 01 0.10384 0,10382D 00
50.00 0.45504 0.44961D - 01 0.10383 0.10383D 00
100.00 0.45504 0.44961D - 01 0.10383 0.10383D 00
7, =10.0
0.0 0.25000 0.0 0.50000 0.0
0.01 0.25484 0.35165D 04 0.49058 0.82000D — 04
0.02 0.25858 0.70338D - 04 0.48335 0.16400D - 03
0.05 0.26782 0.17584D - 03 0.46561 0.409991> - 03
0.10 0.28016 0.35167D - 03 0.44205 0.81994D - 03
0.20 0.29948 0.70319D - 03 0.40540 0.16396D - 02
0.50 0.33884 0.17555D - 02 0.33101 0.40929D - 02
1.00 0.37821 0.34939D - 02 0.25601 0.81449D - 02
2.00 0.41916 0.68554D - 02 0.17589 0.15973D - 01
5.00 0.45847 0.15186D - 0t 0.09437 0.35286D - 01
10.00 0.47136 0.22293D - 01 0.06597 0.51593D - 01
20.00 0.47452 0.25074D - 01 0.05883 0.57915D - 01
50.00 0.47473 0.25277D - 01 0.05837 0.58374D - 01
100.00 0.47472 0.25276D - 01 0.05837 0.58372D ~ 01

second integral is evaluated in the same manner. The
remaining integrals are calculated without subdivision. These
fifteen integrals are then fed into Euler transform subprogram
to speed convergence. A short listing of these results is found
in Table 7.

Results and Discussion

The emissive power and radiative flux at the boundaries for
the cosine-varying case are presented in Tables 2-6 for five
optical thicknesses. These represent less than 1% of the results
obtained. The 8 results are quite important because solutions
for almost any spatial variation of incident radiation can be
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calculated from them. The emissive powers at the boundaries
and the radiative fluxes leaving the medium decrease as the
spatial frequency increases. Note that the radiative flux
leaving the upper boundary is 1 — F(0;7,). This behavior is
simply explained by the fact that the amount of radiant energy
per unit time, per unit length incident on the medium in a strip
(—71,=7,=<7,) is 2sin(87,)/B and decreases with 3. For
7020.1, the largest difference between the finite and semi-
infinite results is 2.3(10) ~* for Br,=10, while the largest
difference between the two-dimensional and one-dimensional
(8 =0) results is 2.0(10) ~* for 87, <0.01.

Figures 2 and 3 illustrate the variation of emissive power
and flux across the upper boundary for the semi-infinite step
case, while the results at the lower boundary are given in Figs.
4 and 5. The emissive powers at the boundaries and the
radiative flux leaving the medium increase with optical
distance away from the origin. Note that the radiative flux
leaving the upper boundary is 1 — F(7,,0;7,) . Near the origin,
the medium “‘sees’’ the low temperature wall on the other
side. Moving away from the origin, the medium itself acts as a
shield and reduces the influence of the temperature jump. At
large optical distances away from the origin, the medium
cannot ‘‘see’’ the temperature jump and the problem is one-
dimensional. The distance from the origin at which the one-
dimensional approximation is valid depends on the optical
thickness of the medium. As a conservative approximation,
the one-dimensional analysis can be applied when
7,21.5+27,. The maximum percentage error of this ap-
proximation is 1% . When the optical thickness of the medium
is large, the finite medium can be approximated by a semi-
infinite medium. The maximum difference between the semi-
infinite and finite medium occurs for the one-dimensional
case (7,—). For 7,=10, the difference is 0.025 for the
emissive power and 0.058 for the radiative flux. If 7, is set
equal to 1/8, the semi-infinite step results follow the behavior
of the cosine-varying results.

All these results can simply be extended to a nongray
medium with spectral windows. !* If both the absorption and
scattering coefficients have the same spectral shape, i.e.,
k,=«ka(») and o, =o,a(v), and the function « (») is allowed
only two values—zero or unity. The bands or continuum are
approximated by rectangular boxes of equal height; however,
the number, location, and width of the bands are unrestricted.
The energy equation reduces to a form identical to the gray
case, whereas the expression radiative flux includes an ad-
ditional term to account for the radiant interchange through
the spectral windows.

Conclusions

When the wall temperature distributions can be represented
by a series of steps, the emissive power and radiative flux can
be expressed in terms of those for the semi-infinite step case.
This fact greatly reduces the number of calculations.
Discontinuities in the wall temperatures produce discon-
tinuities in the emissive power and radiative flux. Results for
the emissive power and radiative flux at the walls can be
obtained without calculating the internal values. For other
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wall temperature distributions, the emissive power and
radiative flux can be calculated from the cosine-varying
results.
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